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Êëàññèôèêàöèÿ ïîñëå Ïåíëåâå

Óðàâíåíèÿ y′′ = R(x, y, y′), ðàöèîíàëüíûå ïî y, y′

I Painlev�e, Gambier (1906): êëàññèôèêàöèÿ

Óðàâíåíèÿ y′′′ = R(x, y, y′, y′′), ïðè ðàçíûõ ïðåäïîëîæåíèÿõ
I Chazy (1907): ïðèìåðû (âñå ñâîäÿòñÿ ê Ïåíëåâå)
I Bureau (1964): ÷àñòè÷íàÿ êëàññèôèêàöèÿ

Óðàâíåíèÿ (y′′)2 = A(x, y, y′)y′′ +B(x, y, y′), ðàöèîíàëüíûå ïî y, y′

I Chazy (1909): ïðèìåðû (10, âñå ñâîäÿòñÿ ê Ïåíëåâå)
I Bureau (1972): ÷àñòè÷íàÿ êëàññèôèêàöèÿ
I Cosgrove & Scou�s (1993): êëàññèôèêàöèÿ ïðè A = 0

C.M. Cosgrove. Chazy classes IX�XI of third-order di�erential equations. Studies in

Appl. Math. 104:3 (2000) 171�228.

C.M. Cosgrove. Chazy's second-degree Painlev�e equations. J. Phys. A: Math. Gen.

39 (2006) 11955�11971.
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Óðàâíåíèÿ y(4) = . . . ïîëèíîìèàëüíûå ïî y è ïðîèçâîäíûì
I Bureau (1964), Exton (1971), Ìàðòûíîâ (1973): ÷àñòè÷íàÿ

êëàññèôèêàöèÿ
I Cosgrove (2000): êëàññèôèêàöèÿ äëÿ ñèìâîëà P2
I Cosgrove (2006): êëàññèôèêàöèÿ äëÿ ñèìâîëà P1

Óðàâíåíèÿ y(5) = . . . , ïîëèíîìèàëüíûå ïî y è ïðîèçâîäíûì
I Cosgrove (2000): êëàññèôèêàöèÿ äëÿ ñèìâîëà P2

Ñèìâîë Áþðî Pk îçíà÷àåò, ÷òî ðÿä Ëîðàíà íà÷èíàåòñÿ ñ (x− x0)−k.
4! Â ÷àñòíîñòè, P1 èìååò ñèìâîë P2, à P2 � ñèìâîë P1.

Ïðîâåðåíî, ÷òî â ïîëèíîìèàëüíûõ óðàâíåíèÿõ ïîðÿäêîâ 4, 5 äðóãèõ
ñèìâîëîâ íå áûâàåò; â ðàöèîíàëüíûõ è àëãåáðàè÷åñêèõ ïî ñòàðøåé
ïðîèçâîäíîé � áûâàþò.

C.M. Cosgrove. Higher-order Painlev�e equations in the polynomial class I. Bureau
symbol P2. Studies in Appl. Math. 104:1 (2000) 1�65.

C.M. Cosgrove. Higher-order Painlev�e equations in the polynomial class II. Bureau
symbol P1. Studies in Appl. Math. 116:4 (2006) 321�413.
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Â ýòèõ æå è ïîñëåäóþùèõ ðàáîòàõ äëÿ ïîëó÷åííûõ óðàâíåíèé äîâîëüíî
ïîäðîáíî èññëåäîâàíû ïðåîáðàçîâàíèÿ Áýêëóíäà è ñåìåéñòâà
ñïåöèàëüíûõ ðåøåíèé.

Äîïîëíèòåëüíàÿ ëèòåðàòóðà

P.R. Gordoa, A. Pickering. On a new non-isospectral variant of the Boussinesq
hierarchy. J. Phys. A: Math. Gen. 33 (2000) 557�567.

P.R. Gordoa, A. Pickering. New integrable equations of fourth order and higher
degree related to Cosgrove's equation. J. Math. Phys. 42:4 (2001) 1697�1707.

N.A. Kudryashov. Fourth-order analogies to the Painlev�e equations. J. Phys. A 35

(2002) 4617�4632.

F. Jrad, U. Mu�gan. Non-polynomial fourth order equations which pass the Painlev�e
test. Z. Naturforsch. 60a (2005) 387�400.

Äàëåå â äîêëàäå ÿ îïèøó íåêîòîðûå ðåçóëüòàòû Êîñãðîâà äëÿ óðàâíåíèé
ïîðÿäêîâ 4 è 5 (â îñíîâíîì ëèøü äëÿ ñèìâîëà P2), è äîáàâëþ
ñîáñòâåííûå çàìå÷àíèÿ:

� óïðîùåííàÿ èëëþñòðàöèÿ àíàëèçà ðåçîíàíñîâ íà Mathematica,

� îïåðàòîðíûå ïðåäñòàâëåíèÿ [A,L] = 1 äëÿ íåêîòîðûõ óðàâíåíèé,

� ñâÿçü Fif-II ñ ìàòðè÷íûì P1.
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Òèïû óðàâíåíèé

Ðàçáèåíèå ïî âèäó ðåäóöèðîâàííîãî óðàâíåíèÿ (= ãëàâíàÿ ÷àñòü ïî
îäíîðîäíîñòè).

Ñèìâîë P2 (îäíîðîäíîñòü y : D = 2 : 1, ãäå D = d/dx)

y(4) = ayy′′ + b(y′)2 + cy3

óðàâíåíèÿ F-I, II, III, IV, V, VI

y(5) = ayy′′′ + by′y′′ + cy2y′

óðàâíåíèÿ Fif-I, II, III, IIIb, IV, IVb, IVc

Ñèìâîë P1 (îäíîðîäíîñòü y : D = 1 : 1)

y(4) = ayy′′′ + by′y′′ + cy2y′′ + dy(y′)2 + ey3y′ + fy5

óðàâíåíèÿ F-VII,. . . ,F-XIX

Â ñèìâîëàõ êîýôôèöèåíòû ïîñòîÿííû, íî â ïîëíûõ óðàâíåíèÿõ îíè
ìîãóò áûòü ôóíêöèÿìè îò x, ïëþñ äîáàâëÿþòñÿ ìëàäøèå ÷ëåíû.
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Ñèìâîë Áþðî P2

Îäíîðîäíîñòü y : D = 2 : 1

Óðàâíåíèÿ ñ ãëàâíîé ÷àñòüþ y(4) = ayy′′ + b(y′)2 + cy3

y(4) = 12yy′′ + 12(y′)2 + (αx+ β)y′ + 2αy − 1
6 (αx+ β)2, F-I

y(4) = 3yy′′ − 4(y′)2, F-II

y(4) = 15yy′′ + 45
4 (y′)2 − 15y3 + αy + β, F-III

y(4) = 30yy′′ − 60y3 + αy + β, F-IV

y(4) = 20yy′′ + 10(y′)2 − 40y3 + αy + κx+ β, F-V

y(4) = 18yy′′ + 9(y′)2 − 24y3 + αy2 + 1
9α

2y + κx+ β. F-VI
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Ýòîò ñïèñîê íå íóæíî âîñïðèíèìàòü òàê æå ñåðüåçíî, êàê êàíîíè÷åñêèé
ñïèñîê P1�P6, òàê êàê çäåñü íå âñå óðàâíåíèÿ îäèíàêîâî èíòåðåñíû.
Ñêîðåå, ýòî àíàëîã íåâû÷èùåííîãî ñïèñêà èç 50 óðàâíåíèé â êíèãå Àéíñà:

ïîðÿäîê F-I ïîíèæàåòñÿ äî âòîðîãî è îáùåå ðåøåíèå âûðàæàåòñÿ
÷åðåç P4, P2 èëè P1, â çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðîâ. Ýòî
óðàâíåíèå áûëî íàéäåíî Øàçè (1911). Îíî ìîæåò áûòü ïîëó÷åíî
ðåäóêöèåé èç óðàâíåíèÿ Áóññèíåñêà.

F-II, èëè Bureau barrier equation, âêëþ÷åíî â ñïèñîê íåñìîòðÿ íà òî,
÷òî îíî íå îáëàäàåò ñâîéñòâîì Ïåíëåâå, ïðîñòî àâòîð ñ÷èòàåò åãî
âàæíûì.

F-III è F-IV àâòîíîìíû è ðåøàþòñÿ â ãèïåð-ýëëèïòè÷åñêèõ
ôóíêöèÿõ ðîäà 2; ýòî æå âåðíî äëÿ F-V è F-VI ïðè κ = 0 (Êîñãðîâ).

ëèøü F-V è F-VI ïðè κ 6= 0 îïðåäåëÿþò íîâûå òðàíñöåíäåíòû.

F-V õîðîøî èçâåñòíî � ýòî çíàìåíèòîå ñòðóííîå óðàâíåíèå =
ñòàöèîíàð ÊäÔ-5 + Ãàëèëåé (Ìóð, Ñóëåéìàíîâ & Êóäàøåâ,
Äóáðîâèí è äð.), ÷ëåí èåðàðõèè P1.

F-VI áûëî îòêðûòî Êîñãðîâîì â ïðîöåññå êëàññèôèêàöèè. Âñêîðå
áûëî ïîêàçàíî, ÷òî îíî ïîëó÷àåòñÿ ðåäóêöèåé èç èåðàðõèè
óðàâíåíèé òèïà Áóññèíåñêà (Gordoa & Pickering 2000).
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Óðàâíåíèÿ ñ ãëàâíîé ÷àñòüþ y(5) = ayy′′′ + by′y′′ + cy2y′

y(5) = 15yy′′′ + 75
2 y
′y′′ − 45y2y′ + (λx+ α)y′ + 2λy, Fif-I

y(5) = 30yy′′′ + 30y′y′′ − 180y2y′ + (λx+ α)y′ + 2λy, Fif-II

y(5) = 20yy′′′ + 40y′y′′ − 120y2y′ + (λx+ α)y′ + 2λy + κ, Fif-III

(D − x−1)
(
y(4) − 20yy′′ − 10(y′)2 + 40y3 − αy − β

)
= 0, Fif-III.b

(D − x−1)
(
y(4) − 18yy′′ − 9(y′)2 + 24y3 − 3λy′ + κ

)
= 1

2λx(5y
′′′ − 36yy′)− 1

2λ
2x(2xy′ + y), Fif-IV

D
(
y(4) − 18yy′′ − 9(y′)2 + 24y3 − αy2 − 1

9α
2y − κx− β

)
= 0, Fif-IV.b

(D − x−1)
(
y(4) − 18yy′′ − 9(y′)2 + 24y3 − αy2 − 1

9α
2y − β

)
= 0. Fif-IV.c
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Çäåñü òîæå åñòü ¾ëèøíèå¿ óðàâíåíèÿ: î÷åâèäíî, ïîðÿäîê óðàâíåíèé
Fif-III.b, IV.b è IV.c ïîíèæàåòñÿ, â ðåçóëüòàòå Fif-III.b ñâîäèòñÿ ê
F-V, à Fif-IV.b è Fif-IV.b ñâîäÿòñÿ ê F-VI.

Íà ñàìîì äåëå, è ó îñòàëüíûõ óðàâíåíèé ïîðÿäîê ïîíèæàåòñÿ äî
÷åòâåðòîãî, îäíàêî ïåðâûé èíòåãðàë íå çàïèñûâàåòñÿ êàê
ïîëèíîìèàëüíîå óðàâíåíèå, òàê ÷òî áîëüøå ïåðåñå÷åíèé ñ
ïðåäûäóùèì ñïèñêîì íåò. Óðàâíåíèÿ Fif-I, II, III è IV îïðåäåëÿþò
íîâûå òðàíñöåíäåíòû (ïðè λ 6= 0).

Áîëüøóþ ÷àñòü ïàðàìåòðîâ ìîæíî óáèòü ëèíåéíûìè
ïðåîáðàçîâàíèÿìè x è y.

Fif-I (áûëî ó Øàçè) � àâòîìîäåëüíàÿ ðåäóêöèÿ óðàâíåíèÿ
Êàóïà�Êóïåðøìèäòà.

Fif-II � àâòîìîäåëüíàÿ ðåäóêöèÿ óðàâíåíèÿ Ñàâàäû�Êîòåðû.

Fif-I è Fif-II ñâÿçàíû ïðåîáðàçîâàíèåì Áýêëóíäà (êîìïîçèöèÿ
ïîäñòàíîâîê òèïà Ìèóðû Fif-I ← F-XVIII → Fif-II).

Fif-III � àâòîìîäåëüíàÿ ðåäóêöèÿ ÊäÔ-5 (èåðàðõèÿ P2).

Fif-IV � êàê è F-VI, ïîëó÷àåòñÿ ðåäóêöèåé èç óðàâíåíèé òèïà
Áóññèíåñêà.
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Òåñò Êîâàëåâñêîé�Ïåíëåâå

Âî âñåõ äåòàëÿõ êëàññèôèêàöèè ðàçîáðàòüñÿ íåïðîñòî. ×òî-òî ìîæíî
óëîâèòü íà óïðîù¼ííîì ïðèìåðå, ñ÷èòàÿ, ÷òî âèä óðàâíåíèé óæå
îïðåäåë¼í ñ òî÷íîñòüþ äî ïîñòîÿííûõ:

y(4) = ayy′′ + b(y′)2 + cy3 + k1yy
′ + k2y

2 + k3y
′ + k4y + k5x+ k6

(ìû óâèäèì, ÷òî äëÿ îïðåäåëåíèÿ ðåçîíàíñîâ âàæíû òîëüêî a, b, c,
ïîýòîìó è â îáùåì ñëó÷àå àíàëèç äîëæåí ïðîâîäèòüñÿ ïðèìåðíî òàê æå).

Èùåì ðåøåíèå â âèäå ðÿäà

y =
1

x2
+
r−1
x

+ r0 + r1x+ r2x
2 + . . .

Äåëàåì ðàçëîæåíèå â 0 çà ñ÷¼ò ñäâèãà x, ïðè ýòîì ñâîáîäíûé ÷ëåí k6
èãðàåò ðîëü äîïîëíèòåëüíîé ïîñòîÿííîé, êðîìå íåãî äîëæíî áûòü åù¼
òðè. À êîýôôèöèåíò ïðè x−2 ñ÷èòàåì ðàâíûì 1 çà ñ÷åò ðàñòÿæåíèÿ.
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Ïîäñòàíîâêà â óðàâíåíèå äàåò â ãëàâíîì ÷ëåíå

6a+ 4b+ c = 120.

Çàìå÷àíèå. Ïîñëå èñêëþ÷åíèÿ c, êîýôôèöèåíò p â ðàçëîæåíèè
y = p/x2 + . . . îïðåäåëÿåòñÿ, ïðè çàäàííûõ a è b, èç óðàâíåíèÿ

(p− 1)((3a+ 2b− 60)p− 60) = 0.

Ìû àíàëèçèðóåì òîëüêî ïåðâóþ âåòâü.

Ñëåäóþùèå ñîîòíîøåíèÿ èìåþò âèä

αj(a, b)rj = Fj(r−1, . . . , rj−1; a, b, k1, . . . , k6), j = −1, 0, 1, . . . , (1)

ãäå αj � ëèíåéíûå ôóíêöèè îò a è b:

5a+ 4b− 168, a+ b− 30, 3a+ 4b− 90, a+ 2b− 36,

a+ 4b− 60, b− 12, a− 4b+ 30, a− 2b, 3a− 4b− 48, . . .

Òàê êàê íàì íóæíî íàáðàòü òðè ðåçîíàíñà, òî íàñ èíòåðåñóþò òàêèå
çíà÷åíèÿ a, b, ïðè êîòîðûõ ñðàçó òðè èç ýòèõ αj îáðàùàþòñÿ â 0.
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Ýòî î÷åíü ïðîñòî èçîáðàçèòü ãðàôè÷åñêè: íà ïëîñêîñòè (a, b) íóæíî
âûáðàòü òàêèå òî÷êè, â êîòîðûõ ïåðåñåêàþòñÿ ïî òðè ïðÿìûõ èç íàøåãî
ñåìåéñòâà. Åñòü ëè âîîáùå òàêèå òî÷êè? Îêàçûâàåòñÿ, äà � 12 øòóê.
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Äàëåå íåîáõîäèìî ïðÿìûì ïåðåáîðîì, äëÿ êàæäîé èç ýòèõ 12 òî÷åê,
ïðîâåðèòü, ðàçðåøèìà ëè ñèñòåìà (1). Ýòî ñâîäèòñÿ ê ñëåäóþùåìó:

òå óðàâíåíèÿ, ãäå íåò ðåçîíàíñîâ, ðàçðåøàåì îòíîñèòåëüíî
ñîîòâåòñòâóþùèõ rj . Â ðåçóëüòàòå, êîýôôèöèåíòû ðÿäà îêàçûâàþòñÿ
âûðàæåííûìè ÷åðåç êàêèå-òî òðè âûäåëåííûõ êîýôôèöèåíòà rj1 , rj2 ,
rj3 è êîýôôèöèåíòû óðàâíåíèÿ k1, . . . , k6;

ïîäñòàâëÿåì ýòî â óðàâíåíèÿ

Fj1 = Fj2 = Fj3 = 0,

îòâå÷àþùèå ðåçîíàíñàì. Òàê êàê rj1 , rj2 è rj3 äîëæíû áûòü
ïðîèçâîëüíûìè, òî ðàñùåïëÿåì ýòè óðàâíåíèÿ ïî ýòèì ïåðåìåííûì;

ðåøàåì ïîëó÷èâøóþñÿ íåëèíåéíóþ ñèñòåìó äëÿ k1, . . . , k6. Åñëè íåò
ðåøåíèÿ, çíà÷èò ðåçîíàíñû áûëè ¾ëîæíûìè¿. Ýòî ñëó÷àåòñÿ äëÿ 7
òî÷åê èç 12. Åñëè ðåøåíèå åñòü � òåñò ïðîøåë (íà ïðåäûäóùåì ðèñ.
òàêèå òî÷êè îáâåäåíû).

Â ðåçóëüòàòå, ïîëó÷àþòñÿ â òî÷íîñòè óðàâíåíèÿ F-I è III,. . . ,VI (à F-II,
êàê ìû ïîìíèì, â ñïèñêå ëèøíåå).
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Àíàëîãè÷íî, ìîæíî ïðîâåñòè òåñò äëÿ ñåìåéñòâà

y(5) = ayy′′′ + by′y′′ + cy2y′ + k1xy
′ + k2y

′ + k3y + k4

(èç ñïèñêà Fif, ñþäà îòíîñÿòñÿ òîëüêî ïåðâûå òðè óðàâíåíèÿ, òî åñòü,
çäåñü ÿ åù¼ áîëüøå óïðîùàþ). Çäåñü â ðÿäå äîëæíî áûòü 4 ðåçîíàíñà.

Íî, îêàçûâàåòñÿ, ÷òî îäèí èç
íèõ � âñåãäà r4, ïðè ëþáûõ a, b,
ïîýòîìó â ïëîñêîñòè (a, b) ïî
ïðåæíåìó íóæíî ñìîòðåòü íà
ïåðåñå÷åíèÿ òðåõ ïðÿìûõ. Èç 9
òî÷åê âûæèâàþò 4, îòâå÷àþùèå
Fif-I, II, III è ¾îáãðûçåííîìó¿
F-IV.
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Îïåðàòîðíûå ïðåäñòàâëåíèÿ [L,A] = 1

Õîðîøî èçâåñòíî, ÷òî óðàâíåíèå P1

y′′ = 6y2 + x

(òî÷íåå, åãî ñëåäñòâèå y′′′ = 12yy′ + 1) ýêâèâàëåíòíî òàê íàçûâàåìîìó
ñòðóííîìó óðàâíåíèþ (ñì. íàïð. Ãðèíåâè÷ è Íîâèêîâ 1994)

[L,A] = 1, L = D2 − 2y, A = 2D3 − 6yD − 3y′.

Àíàëîãè÷íûå ïðåäñòàâëåíèÿ:

F-V: y(4) = 20yy′′ + 10(y′)2 − 40y3 + αy + κx+ β,

[L,A] = κ, L = D2 − 2y,

A = 8D5 − 40D3 − 60y′D2 − (50y′′ − 60y2 + 1
2α)D − 15y′′′ + 60yy′;
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F-VI: y(4) = 18yy′′ + 9(y′)2 − 24y3 + αy2 + 1
9α

2y + κx+ β, α := 6µ

[L,A] = −κ, L = 2D3 − (6y + µ)D − 3y′,

A = 3D5 − (12y − µ)D2 − 12y′D − 5y′′ + 6y2 − 4µy;

Fif-III: y(5) = 20yy′′′ + 40y′y′′ − 120y2y′ + (λx+ α)y′ + 2λy + κ

[L,A] = 1, L = D2 − 2y, A = 2D3 − 6yD − 3y′ + pD−1q,

ãäå (ñ ó÷åòîì ñêåéëèíãà, áåç ïîòåðè îáùíîñòè)

p′′ = (2y − µ)p, q′′ = (2y − µ)q, λ = −4, α =
24

5
µ2, κ =

12

5
µ.

Çàìå÷àíèå 1. Äëÿ Fif-III ôàêòè÷åñêè ïîëó÷àåòñÿ ñèñòåìà íà y è g èç
ñëåäóþùåãî ðàçäåëà.

Çàìå÷àíèå 2. Ïðåäñòàâëåíèÿ äëÿ P1 è F-V áåç èçìåíåíèé ïåðåíîñÿòñÿ
íà íåàáåëåâ ñëó÷àé, íî äëÿ F-VI è Fif-III ýòî íå ïðîõîäèò.
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Ïîíèæåíèå ïîðÿäêà äëÿ Fif-I, II è III

Êàê óæå áûëî ñêàçàíî, âñå Fifû ñâîäÿòñÿ ê óðàâíåíèÿì ÷åòâåðòîãî
ïîðÿäêà. Äëÿ Fif-I, II è III, îòâåò óäîáíî çàïèñûâàòü â âèäå ñèñòåìû
îáùåãî âèäà (Êîñãðîâ)

u′′ = 6u2 + x− 2g, 2gg′′ = (g′)2 + 2(au+ b)g2 − c2. (2)

Ïàðàìåòð c2 èãðàåò ðîëü ïîñòîÿííîé èíòåãðèðîâàíèÿ. Äèôôåðåíöèðóÿ
âòîðîå óðàâíåíèå, èìååì

g′′′ = 2(au+ b)g′ + au′

è åñëè ïîäñòàâèòü g èç ïåðâîãî, ïîëó÷àåòñÿ

u(5) = 2((a+6)u+ b)u′′′ + (a+36)u′u′′ − 30au2u′ − 24buu′ − axu′ − 2au− 2b.

Ñîîòâåòñòâèå ñ òðåìÿ ñëó÷àÿìè òàêîå:

Fif-I : a = 3
2 , b = 0, u = y, λ = − 3

2 , α = 0;
Fif-II : a = 24, b = 0, u = 1

2y, λ = −24, α = 0;
Fif-III : a = 4, u = y − b

10 , λ = −4, α = 6
5b

2, κ = − 6
5b.
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Ìîäèôèöèðîâàííûå óðàâíåíèÿ (ñèìâîë Áþðî P1)

y(4) = 10y2y′′ + 10y(y′)2 − 6y5 − 10δ(y′′ − 2y3) + (λx+ µ)y + γ, F-XVII

y(4) = −5y′y′′ + 5y2y′′ + 5y(y′)2 − y5 + (λx+ α)y + γ. F-XVIII

F-XVII � àâòîìîäåëüíàÿ ðåäóêöèÿ ìÊäÔ-5

ïðåîáðàçîâàíèÿ Ìèóðû F-XVII → Fif-III:

2u = ±y′ + y2 − δ,

ãäå u óäîâëåòâîðÿåò Fif-III ñ κ = δλ, α = 30δ2 + µ

F-XVIII � àâòîìîäåëüíàÿ ðåäóêöèÿ ìÊÊ-ÑÊ

ïðåîáðàçîâàíèÿ Ìèóðû Fif-I ← F-XVIII → Fif-II:

3u = 2y′ − y2, 6v = y′ + y2,

ãäå u óäîâëåòâîðÿåò Fif-I, v óäîâëåòâîðÿåò Fif-II. Ïðåîáðàçîâàíèå
Áýêëóíäà u↔ v áèðàöèîíàëüíî [Cosgrove 2000, (4.19)�(4.22)].
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Âûâîä Fif-I èç ìàòðè÷íîãî P1

Èç (2) ÿñíî, ÷òî â 5-ïàðàìåòðè÷åñêîì ñåìåéñòâå îáùèõ ðåøåíèé Fif-I, II è
III åñòü 2-ïàðàìåòðè÷åñêèå ïîäñåìåéñòâà, âûðàæàþùèåñÿ ÷åðåç
ïðîèçâîëüíîå ðåøåíèå P1 � äîñòàòî÷íî ïîëîæèòü g = c = 0.

Äëÿ Fif-III ýòè ðåøåíèÿ ìîæíî ðàçìíîæàòü ïðåîáðàçîâàíèåì Áýêëóíäà
(ìåíÿþùèì ïàðàìåòð c).

À äëÿ Fif-I è Fif-II îêàçûâàåòñÿ, ÷òî åñòü 4-ïàðàìåòðè÷åñêèå
ïîäñåìåéñòâà, âûðàæàþùèåñÿ ÷åðåç äâà íåçàâèñèìûõ äðóã îò äðóãà
ðåøåíèÿ P1. Êîñãðîâ ïðèâîäèò ôîðìóëû

Fif-I : y =
(u′1 − u′1)2

(u1 − u2)2
− 4(u1 + u2), Fif-II : y = u1 + u2,

ãäå ui óäîâëåòâîðÿþò óðàâíåíèþ u′′ = 6u2 − 1
24 (λx+ α). Ýòè ðåøåíèÿ

ñâÿçàíû ïðåîáðàçîâàíèåì Áýêëóíäà, íî íå î÷åíü ïîíÿòíî, êàê ïîëó÷èòü
õîòÿ áû îäíî (Êîñãðîâ èñõîäèò èç àíàëîãèè ñ ôîðìóëàìè ñëîæåíèÿ äëÿ
ýëëèïòè÷åñêèõ ôóíêöèé, êîòîðûå ðàáîòàþò â àâòîíîìíîì ñëó÷àå λ = 0).
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Ìîå îáúÿñíåíèå îñíîâàíî íà èíòåðåñíîì (õîòÿ, âèäèìî, ñëó÷àéíîì)
ñîâïàäåíèè � Fif-II ýêâèâàëåíòíî ìàòðè÷íîìó P1

U ′′ = 6U2 + xI, (3)

ãäå U � ìàòðèöà 2× 2 è I � åäèíè÷íàÿ ìàòðèöà.

Íàïîìíèì, ÷òî (3) ïðîõîäèò òåñò Êîâàëåâñêîé�Ïåíëåâå äëÿ ìàòðèö
ëþáîãî ðàçìåðà (Áàëàíäèí è Ñîêîëîâ 1998), ïðè÷åì ñ ìàòðè÷íûì
ñâîáîäíûì ÷ëåíîì. Íî, íàì ýòî îáîáùåíèå íå ïîíàäîáèòñÿ. Èòàê, ïóñòü

U =

(
u+ χ ψ
φ u− χ

)
,

òîãäà (3) ýêâèâàëåíòíî

u′′ = 6u2 + x+ 6(ψφ+ χ2),

ψ′′ = 12uψ,

φ′′ = 12uφ,

χ′′ = 12uχ.

(4)
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Ôóíêöèè ψ, φ, χ óäîâëåòâîðÿþò óðàâíåíèþ Øð¼äèíãåðà íà íóëåâîì
óðîâíå ýíåðãèè (ïîíÿòíî, ÷òî îíè ëèíåéíî çàâèñèìû). Äëÿ ëþáîé
êâàäðàòè÷íîé ôîðìû îò íèõ, â ÷àñòíîñòè, g = −3(ψφ+ χ2), èìååì

g′′′ = 48ug + 24u′g.

Èíòåãðèðóÿ, ïîëó÷àåì ñèñòåìó (2) ñ a = 24 è b = 0:

u′′ = 6u2 + x− 2g, 2gg′′ = (g′)2 + 48ug2 − c2, (5)

÷òî ýêâèâàëåíòíî Fif-II (ñ òî÷íîñòüþ äî ðàñòÿæåíèÿ u è λ). Ïîñòîÿííàÿ c
âûðàæàåòñÿ ÷åðåç âðîíñêèàíû:

c2 = 9w(ψ, φ)2 − 36w(ψ, χ)w(φ, χ), w(a, b) := ab′ − a′b.

Íàîáîðîò, ÷òîáû âîññòàíîâèòü (4) èç (5), íóæíî íàéòè ïàðó ëèíåéíî
íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ ψ′′ = 12uψ ïî ôîðìóëå

ψ± = exp

(∫
g′ ± c
2g

dx

)
è âçÿòü â êà÷åñòâå ψ, φ è χ èõ ïðîèçâîëüíûå ëèíåéíûå êîìáèíàöèè (ïðè
c = 0 â êà÷åñòâå ψ− ìîæíî ïðèíÿòü ψ− = ψ+

∫
ψ−2+ dx).
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Î÷åâèäíî, ÷òî ìàòðè÷íîå P1 äîïóñêàåò ðåøåíèå âèäà U = diag(u1, u2),
äëÿ êîòîðîãî 2u = u1 + u2, 2χ = u1 − u2 è ψ = φ = 0, òî åñòü,

u =
1

2
(u1 + u2), g = −3

4
(u1 − u2)2,

ãäå u1 è u2 óäîâëåòâîðÿþò ñêàëÿðíîìó P1 u
′′ = 6u2 + x. Ýòî

4-ïàðàìåòðè÷åñêîå ñåìåéñòâî îïðåäåëÿåò îáùåå ðåøåíèå ñèñòåìû (5) ïðè
c = 0 è ÷àñòíîå ïðè c 6= 0.
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Ñèìâîë Áþðî P1

Çäåñü îäíîðîäíîñòü ðàâíà y : D = 1 : 1 è ðåäóöèðîâàííîå óðàâíåíèå â
÷åòâåðòîì ïîðÿäêå èìååò âèä

y(4) = ayy′′′ + by′y′′ + cy2y′′ + dy(y′)2 + ey3y′ + fy5

(â ïîëíîì óðàâíåíèè äîáàâëÿþòñÿ ìëàäøèå ïîëèíîìèàëüíûå ÷ëåíû è
êîýôôèöèåíòû ñ÷èòàþòñÿ àíàëèòè÷åñêèìè x). Êëàññèôèêàöèÿ â ýòîì
ñëó÷àå î÷åíü òÿæåëàÿ. Íàïðèìåð, â íàèáîëåå ñëîæíîì ñëó÷àå f 6= 0 ïðè
àíàëèçå ðåçîíàíñîâ âîçíèêàåò äèîôàíòîâî óðàâíåíèå

1

n1
+

1

n2
+

1

n3
+

1

n4
=

1

24

ó êîòîðîãî èìååòñÿ 202511 ðåøåíèé, íå ñ÷èòàÿ áåñêîíå÷íûõ ñåðèé, êîãäà
ni = 24 èëè 1/ni + 1/nj = 1/24. Òåì íå ìåíåå, îòâåò ïîëó÷åí è ñîñòîèò èç
ñïèñêà óðàâíåíèé F-VII, . . . , F-XIX, äâà èç êîòîðûõ ìû óæå âèäåëè.
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Áîëüøèíñòâî îñòàëüíûõ îòâåòîâ äîâîëüíî ãðîìîçäêèå. Ìíîãèå ñîäåðæàò
ïðîèçâîëüíûå àíàëèòè÷åñêèå ôóíêöèè â êîýôôèöèåíòàõ, ÷òî ñâÿçàíî ñ
ëèíåàðèçóåìîñòüþ. Íàïðèìåð:

y(4) = −3f ′

f
y′′′ − ff ′′ + (f ′)2

f2
y′′

− 4

f2
(
3c1x

2(xy′ − y) + c2x(3xy
′ − 2y)

+ c3(3xy
′ − y) + 3c4y

′ + c5x
2 + c6x+ c7

)
y′′

− 2

f2
(
3c1(xy

′ − y)2 + 2c2y
′(xy′ − y) + c3(y

′)2

+ 2c5(xy
′ − y) + c6y

′ + c8
)
, F-VII

ãäå f = c1x
3 + c2x

2 + c3x+ c4,

y(4) = −2yy′′′ − 6y′y′′ +A(x)(y′′′ + 2yy′′ + 2(y′)2)

+B(x)(y′′ + 2yy′) + C(x)(y′ + y2) +D(x). F-VIII
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Óðàâíåíèå F-VII èíòåãðèðóåòñÿ äî îäíîãî èç óðàâíåíèé Øàçè
òðåòüåãî ïîðÿäêà è äàëåå, â çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðîâ � ê
îäíîìó èç øåñòè óðàâíåíèé Ïåíëåâå èëè ýëëèïòè÷åñêèì ôóíêöèÿì.
Òî åñòü, ýòî âñå óðàâíåíèÿ Ïåíëåâå â îäíîì.

Óðàâíåíèå F-VIII ýêâèâàëåíòíî

w = y′ + y2, w′′′ = A(x)w′′ +B(x)w′ + C(x)w +D(x),

òî åñòü, ýòî ëèíåàðèçóåìûé ñëó÷àé. Òàêèõ â ñïèñêå íåñêîëüêî.

Óðàâíåíèå XIX íå óäîâëåòâîðÿåò òåñòó Ïåíëåâå, íî âêëþ÷åíî â
ñïèñîê, òàê êàê ðåøàåòñÿ òî÷íî â òåðìèíàõ ôóíêöèè Ëàìý (Clarkson
& Olver).
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